This paper introduces a new fixed mesh structural analysis technique based on isoparametric formulations from classic finite element analysis. Fixed mesh methods are popular in boundary based optimisation as they avoid mesh distortion problems and reanalysis is simple and efficient. The area ratio based fixed grid method is often employed due to its favourable simplicity in implementation. However, maximum errors occur along the boundary due to homogenization of stiffness. Also errors are area ratio dependant, producing an undesirable variation of errors along the boundary. The aim of the isoparametric fixed grid method was to reduce the error dependency on area ratio without significantly reducing the efficiency of the area ratio formulation. The two dimensional isoparametric method divides boundary elements into three types depending on their inside area shape. Quadrilateral elements were formulated using a bilinear isoparametric formulation and an algebraic expression for the stiffness matrix was derived using a priori information about the element shape. Triangular elements were formulated as constant strain triangles and pentagonal element stiffness matrices were approximated by linear interpolation of quadrilateral and inside element matrices. Numerical examples were used to compare the isoparametric to the area ratio fixed grid method using a fitted mesh as a baseline for displacement error calculation. The examples showed some promising benefits in accuracy of the isoparametric fixed grid method, but also revealed areas for improvement.
I. Introduction
HE boundary based approach to structural topology optimisation has received recent increased interest. There are two categories of such methods: spline based 1 and level set functions. 2 These methods typically employ a fixed Eulerian mesh for simplicity and to avoid mesh distortion problems associated with a fitted mesh. However, the smooth boundary can intersect elements creating bi-material elements with discontinuous properties, thus presenting difficulty in accurate analysis along the boundary.
A number of methods have been developed to treat discontinuous properties within an element. Focusing on those that are commonly employed in boundary based optimisation, various techniques have been implemented to account for the bi-material elements created along the level-set boundary when using a fixed mesh. One technique is to use a smooth approximation of the discontinuous property field requiring integration of boundary element stiffness matrices as the boundary moves. 3 Other techniques involving integration with boundary movement are the material/void enrichment functions from the eXtended Finite Element Method (XFEM) 4 and a superimposed Finite Element Method (FEM) 5 where a local mesh is used to match the boundary. Another technique that does not require stiffness matrix integration with boundary movement is the Fixed Grid (FG) method 6 , where the properties of bimaterial elements are approximated by an area weighted average method. 7 A spline based approach to topology optimisation proposed by Lee et al 1 also employed the area averaged FG method to improve efficiency compared to a fitted mesh and Woon et al 8 used the FG method for efficiency in their genetic algorithm approach to boundary based structural optimisation.
The FG method based on area ratio for linear elastic structures was proposed by Garcìa and Steven 6 and has seen wide use in boundary based optimisation due to its speed and simplicity in including bi-material elements in a fixed 1 6 showed that maximum errors occur along the boundary in the bimaterial elements and that errors were mesh fit dependant. This observation was echoed in our previous study 9 where bi-material elements with a high proportion of either material or void represented a good mesh fit. However, the mechanism for reduced errors for elements with a high proportion of material was due to reduced errors in stiffness approximation, whereas reduced errors for a high proportion of void was attributed to the reduced impact of the element on the solution. Maximum and mesh fit dependant errors along the boundary are of concern to boundary based optimisation, as the sensitivity along the boundary often drives the optimisation.
This paper presents an alternative to the area ratio based FG method by utilising the isoparametric formulation from the classic Finite Element Method (FEM). 10 The motivation for the new method was to reduce the errors along the boundary whilst maintaining the simplicity and efficiency of the FG method. The paper first introduces the Area ratio based FG (AFG) formulation, as presented by Garcìa and Steven. 6 Then the new Isoparametric based FG (IFG) formulation is proposed along with some implementation details. Finally some numerical examples are used to compare the AFG method with the IFG method using a fitted mesh as a baseline for error calculation.
II. Area Ratio Based Fixed Grid
This section reviews the area ratio based FG method for linear elastic structures as presented by Garcìa and Steven. 6 A fixed grid mesh is generated by discretization of a rectangular domain into equal sized rectangular elements. This creates three types of element: those completely inside the structure (I elements), completely outside the structure (O elements) and those intersected by the boundary of the structure (B elements), as shown in Fig. 1 .
In AFG the stiffness of bi-material B elements is approximated by homogenisation of the inside and outside stiffness properties, where the stiffness of I and O elements are those of the structure material and a void respectively. Stiffness homogenisation is formulated as follows. From the classic FE formulation the element stiffness matrix integral for a linear elastic isotropic material 10 is:
where [eE * ] is the constitutive material matrix with e being the modulus of the material, B the strain displacement matrix and Ω e the element domain. As B elements are cut by the boundary, the integral of Eq. (1) is split into two domains, Ω e 1 and Ω e 2 , representing the inside and outside portions with moduli e 1 and e 2 , respectively:
If it is assumed that B T E * B is equal to a constant K * over the element domain, then:
where A 1 and A 2 are the areas of the element in domains Ω e 1 and Ω e 2 respectively. As e 2 represents the property of a void, then e 1 >> e 2 and Eq. (3) can be reduced to: (4) where α is defined as the area ratio A 1 / A e and A e is the area of the entire element (A e = A 1 + A 2 ). The integral of Eq. (4) represents the approximate B element stiffness matrix formulation employed by the AFG method for 2D linear elastic structures.
Equation (4) is an approximation and errors are introduced due to the assumption made in Eq. (3) that B T E * B is constant over the element domain 9 , which is only valid when the shape functions are first order polynomials. 6 For 
Equation (4) shows that α is the only factor differentiating a B from an I element, as when α = 1.0, Eq. (4) becomes the integral for an I element. Therefore, as α is applied as a blanket factor, modifying the entire stiffness matrix, it cannot account for which portion of a B element is inside the structure, for example Fig. 2 .
III. Isoparametric Based Fixed Grid
The errors caused by the approximation of B element stiffness in the AFG method are undesirable in boundary based optimisation, as maximum errors occur along the boundary. Furthermore these errors are mesh fit dependant where high or low area ratios would be considered a good mesh fit. 9 Therefore, varying area ratios along the boundary could cause variations in sensitivity calculation, possibly leading to spurious non-optimal features. Thus reducing mesh fit dependant errors should be a target to improve the FG method for boundary based optimisation. However, any improvement will likely add complexity to the relatively simple AFG method, thus reducing its efficiency. Therefore a further requirement of any FG improvement is to increase accuracy without significantly impacting efficiency.
As a potential improvement to the FG method the isoparametric element formulation from the classic FEM 10 was used to calculate B element stiffness matrices. Limiting one boundary cut per element, algebraic expressions for a B element stiffness matrix can be derived a priori, avoiding the need for integration and maintaining the efficiency. This forms the basis of the Isoparametric Fixed Grid (IFG) method. A 2D B element cut once by a boundary can create one of three types of inside area; triangular, quadrilateral or pentagonal, Fig. 3 . Details of how stiffness matrices are calculated for each area type by the IFG is provided over the following sections.
A. Quadrilateral Areas
A quadrilateral inside area stiffness matrix is derived directly from the isoparametric formulation of a bilinear quadrilateral element from classic FEM. 10 The basic idea of isoparametric elements is to map an element of arbitrary shape onto one of regular shape using an auxiliary co-ordinate system, Fig. 4 . Global co-ordinates (x, y) are interpreted from the auxiliary co-ordinates (s, t) using the interpolation formulae: 
Displacements are interpreted in a similar fashion and strain in the auxiliary co-ordinate system can be derived from the following:
where [J] is the Jacobian matrix:
The isoparametric stiffness matrix is calculated by the integral:
where E is the material property matrix and B is the strain displacement matrix in auxiliary co-ordinates: 
To derive an algebraic expression for B element matrix entries (K ij ) of Eq. (10) a priori information about the inside area quadrilateral shape is used. As a quadrilateral FG element is cut only once by the boundary, three edges of the inside area remain parallel or perpendicular to the global co-ordinate axes, Fig 5. K ij values are derived from those edge lengths, h, a 1 and a 2 , and the orientation of the boundary cut. Two general formulae are required to calculate K ij values from edge lengths and orientation, one for odd entries K ij,odd (i + j = odd) and one for even entries K ij,even (i + j = even): Where E ij are material matrix entries for an isotropic linear elastic material, η n , θ n , λ n and µ n are integer values determined by the matrix entry position (i,j) and boundary cut orientation and d is a constant: The orientation of the boundary cut can have four values depending on the two nodes that lie within the structure. Thus, identifying those nodes and calculating edge lengths a 1 and a 2 are the only unknowns required to assess Eq. (12) and Eq. (13) in calculating K for a quadrilateral inside area.
B. Triangular Areas
For the IFG method the stiffness matrix of a triangular inside area is simply calculated using the Constant Strain Triangle (CST) formulation from classic FEM. 10 The CST element has three nodes and two degrees of freedom per node. Therefore, to map the three node element onto the four node FG element, a dummy node with zero or little stiffness is inserted opposite the right angle of the triangle, for example, node (3) in Fig. 6 . A FG triangular element will always be right angled. This simplifies the stiffness matrix calculation, which is determined directly from the two edge lengths perpendicular to the fixed mesh grid lines; shown as a and b in Fig. 6 , without the need for integration.
For the example shown in Fig. 6 the stiffness matrix would be:
where A is the triangular area and B is the strain displacement matrix: 
C. Pentagonal Areas
Pentagonal inside areas pose the greatest challenge to the IFG method as the area has five vertices and the FG element only has four nodes. The simple answer may seem to insert a fifth node into the formulation, however, this would increase the total degrees of freedom in the mesh and thus it would no longer be a fixed mesh. The solution presented here is to approximate the stiffness matrix of a pentagonal element by a linear interpolation of two quadrilateral element matrices and the I element matrix. The two quadrilaterals are formed by excluding each of the two vertices not associated with a grid node in turn, denoted as (3a) and (3b) in Fig. 7 . The interpolation should approach a quadrilateral element formulation as either length a or b tend to zero and approach the I element formulation as a and b tend to h, shown by Fig. 8 . The linear interpolation is then a function of three stiffness matrices and three edge lengths:
Where K A is the quadrilateral stiffness matrix formulation by excluding vertex (3a), K B is the matrix formulated by excluding (3b) and K I is the matrix of an I element. It is known that regular element shapes are considered reliable and distortions can reduce the accuracy by artificially increasing the element stiffness. Distortions that affect plane element accuracy include parallel deviation of opposite edges, high aspect ratio, highly skewed and near triangular quadrilateral shapes. Large parallel deviation and highly skewed elements are automatically avoided by the IFG method as triangular areas always have one right angle and quadrilateral elements have two right angles. However, high aspect ratios and near triangular quadrilaterals can exist in an IFG mesh, potentially causing a significant loss of accuracy.
To avoid similar awkward meshing issues when using a fixed mesh, Moës et al 11 used the fit to vertex method in modelling cracks using the XFEM. This method effectively moves the boundary to a node if it is in within a certain tolerance, where the tolerance used was 10% of the element edge length. The fit to vertex method was used in implementing the IFG method and the boundary was moved to nodes inside the boundary if the boundary was within the tolerance, Fig 9. This method imposes an upper aspect ratio limit of 10 and ensures that quadrilaterals do not become near triangular. However, there is a slight sacrifice in accuracy due to the boundary movement, but this is favourable compared to the accuracy reduction associated with distorted elements. Fit to vertex was not used to move the boundary to nodes outside the structure as this does not help avoid distorted elements.
IV. Numerical Examples
This section displays representative numerical examples to compare the AFG and IFG methods for displacement calculation. For the IFG method, displacements at points where the boundary intersects a B element are directly calculated from nodal displacements without interpolation, due to the isoparametric formulation of these elements. Displacement fields within B elements are then interpolated using shape functions in the standard manner of finite elements. 10 AFG displacement fields were interpolated from nodal displacements using bilinear shape functions, Eq. (5). Classic fitted mesh FE solutions from ANSYS 12 were used as a baseline to calculate relative displacement errors (ε u ) using:
where u FG is a FG displacement and u FE is a displacement from a classic fitted mesh analysis.
A. Numerical Example 1
A simple rectangular cantilever is used to compare FG methods when B elements are exclusively quadrilateral, Fig. 10 . The beam is clamped at its left edge and a point load F is applied at the bottom right hand corner. A fixed 6 × 4 square mesh was used for the FG analysis and as element edge length is 1, α in Fig. 10 is equal to area ratio for the top row of elements. For classic FEA a fitted 6 × 4 mesh was used with equal sized bilinear quadrilateral Fig. 10 was varied in 0.2 increments and relative errors for the AFG and IFG methods were calculated using Eq. (18) for vertical displacements along the top edge of the beam. Figure 11 plots the variation in vertical displacement error along the top edge of the beam for the two FG methods and the range of beam depths, characterized by the area ratio α for the top row of elements. The error trends show that for all cases, IFG errors compare very well with the standard FE results, within 0.5% along the approximated boundary. It is noted that this is a significant improvement from the results computed by the AFG method.
To compare how errors vary with area ratio for the two FG methods, average relative error for vertical top edge nodal displacements were investigated for each α value considered. Figure 12 shows a slight increase in IFG average error as α decreases to 0.2, however the maximum error is still within 0.5%. Also shown are similar mesh fit dependant errors for the AFG method observed in previous studies, 6, 9 as high and low α values produce less error than intermediate values. The mechanism for reduced errors at high α values is a reduction in stiffness approximation error, whereas reduced errors at low α values is due to the reduced influence of the element on the solution. 9 In comparing average errors for the two FG methods, Fig. 12 shows a significant improvement for the IFG method compared to AFG.
B. Numerical Example 2
To investigate the triangular element formulation used in the IFG method a truss like structure was meshed with a fixed mesh so that all B elements were triangular with α = 0.5. The structure is shown in Fig. 13 where the width l = 16.0. The structure was analysed using the AFG and IFG methods with a fixed mesh of square elements with 0.5 edge length. FG horizontal displacements along the right hand edge (as marked in Fig. 13 ) were compared to those from a fitted FE mesh using similarly sized bilinear quadrilateral elements and relative errors were calculated using Eq. (18). Figure 14 shows similar trends in displacement error for the AFG and IFG methods when all B elements are triangular with α = 0.5. This suggests the use of the CST formulation in the IFG method for α = 0.5 produces comparable results to the AFG method and would thus show an overall improvement when combined with the improvement seen for quadrilateral elements. However, it is noted that this example does not give an indication of the performance of triangular elements in the IFG method for α < 0.5, which could produce increased errors due to the effect of an increased difference in adjacent element size. The performance of the IFG method when most B elements are pentagonal or triangular was investigated using the truss type structure of Fig. 13 with a width l = 14.0. Again the structure was analysed using the AFG and IFG methods with a fixed mesh of square elements of an edge length of 0.5 and horizontal displacements along the right hand boundary were again compared to those from the fitted FE mesh.
The analysis results show that IFG errors are generally greater than those produced by AFG, Fig. 15 , with up to 12.7% error. For this example increased IFG errors are due to two main factors. Firstly small triangular elements exist with α values as low as 0.012 creating large differences is adjacent element sizes producing artificially stiff regions along the boundary. Also errors are inevitably introduced due to the approximation of pentagonal element stiffness, as the approximation is based on a simple linear interpolation.
V. Conclusions
An alternative FG formulation has been developed using isoparametric formulations from classic FEA. Quadrilateral B elements were formulated as bilinear isoparametric quadrilateral elements and the stiffness matrix was derived algebraically, eliminating the need for numerical integration. Triangular B elements were formulated as CST elements, where, again, simple algebraic expressions could be used to calculate the stiffness matrix. Pentagonal B element stiffness matrices were approximated using a linear interpolation between two quadrilateral element matrices and the I element matrix. The fit to vertex method with a tolerance of 10% element edge length was used to avoid high aspect ratios and near triangular quadrilateral elements.
A series of numerical examples compared the AFG and IFG methods using a fitted FE formulation as a baseline for displacement error calculations. The IFG quadrilateral and triangular elements with α = 0.5 produced superior or at least comparable results to the AFG formulation. However, the proposed pentagonal element formulation produced an increased error in comparison to the AFG formulation. In addition, small triangular elements with α << 0.5 creates a local region with artificially high stiffness, again introducing an increased error.
The IFG formulation shows potential improvement for displacement calculation compared to the AFG method along the boundary. However, further study is required to improve the pentagonal and small triangular element 
